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Abstract 

We present equivalences between certain categories of vector bundles 
on projective varieties, namely cokemel bundles, Steiner bundles, syzygy 
bundles, and monads, and full subcategories of representations of certain 
quivers. As an application, we provide decomposability criteria for such 
bundles. 


1 Introduction 

Vector bundles over algebraic varieties play a central role in algebraic geometry, 
and many interesting problems are still open. In particular, constructing inde¬ 
composable vector bundles on a variety X with rank smaller than the dim X is 
not an easy task for certain choices of X, especially for projective spaces. 

Monads are one of the most important tools for constructing such bundles; 
indeed, the majority of examples of low rank bundles on projective spaces, 
namely the Horrocks-Mumford bundle of rank 2 on P"^, Horrocks’ parent bundle 
of rank 3 on P®, and the rank 2k instanton bundles on p^^+i^ are obtained as 
cohomologies of certain monads. 

The goal of this paper is to show that the theory of representations of quivers 
might also be an interesting tool for the construction of useful monads and 
cokernel bundles on projective varieties. More precisely, we present equivalences 
between certain categories of vector bundles on projective varieties and full 
subcategories of representations of certain quivers. In this way, we translate the 
problems of constructing indecomposable vector bundles on P" with low rank 
into a (possibly still very hard) problem of linear algebra. As an application 
of these results, we give decomposability criteria for cokernel bundles, syzygy 
bundles and monads. 

Let us now present more precisely the results proved here, starting with 
cokernel bundles, a class a vector bundles introduced by Brambilla in Let X 
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be a nonsingular projective variety of dimension n, and let E and T be simple 
vector bundles on X such that 


(i) Hom(J-,£:) = Ext\X,£) = 0; 

(ii) is globally generated; 

(hi) dimHom(£’, < 3. 


A cokernel bundle of type {£,X) on A is a vector bundle C with a resolution of 
the form 


0-^ ^ ^ C -^ 0 . 


We prove (cf. Thm 3.5 below): 


Theorem 1.1. The category of cokernel bundles of type {£,X) is equivalent to 
a full subcategory of the category of representation of the Kronecker quiver with 
■u; = dimHom(£, A) arrows: 

1 

- 

• • 

W 


As application of this equivalence, we obtain new proofs of simplicity and 
exceptionality criteria for cokernel bundles that were originally established by 
Brambilla in [H Thm. 4.3] (cf. Thm 3.8 below) and Soares in [TOl Theorem 
2.2.7] (cf. Cor |3.13 below). 

Next, we consider l®‘-syzygy bundles on projective spaces; recall that syzygy 
bundles are those given as kernel of surjective morphisms of the form 


OrA-diY 


I Op^^—dmY 




Let Q := kera; we refer to [2] as a general reference on syzygy bundles. 

The case m = 1 can be regarded as a cokernel bundle; for the remainder 
of the paper, we focus on the case m = 2, though it is not hard to generalize 
our results for m > 2 (see Remark 4.6 below). More precisely, we prove the 
following result, including a new decomposability criterion for syzygy bundles. 


Theorem 1.2. For any fixed integers di > d 2 > 0, there is a faithful functor 
from the category of representations of the quiver 


1 1 


Wi W2 


to the category of syzygy bundles given by sequences of the form 

{-dif^ © Op^ (-d2)“" 4 ^ 0 (1) 

where Wj = h^{Opn{dj)), j = 1,2. Moreover, if a\ + a\ + c^ — wiaic—W2a2C > 1, 
then Q is decomposable. 
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Finally, we consider the relation between monads and representations of 
quivers. Recall that a monad on a nonsingular projective variety X is a complex 
of locally free sheaves of the form 

M'■. ( 2 ) 

whose only nontrivial cohomology is the middle one, which we assume, in this 
paper, to also be a locally free sheaf. We prove: 

Theorem 1.3. If A, B and C are simple vector bundles, then the category of 
monads of the form & is equivalent to a full subcategory of the category of 
representations of the quiver 




1 


m 




1 


n 




where m = dimHom(.A, S) and n = dimHom(,B, C). In addition, if + 6^ + 
— mab — nbc > 1 then the cohomology sheaf of is decomposable. 

This generalizes the results of [1] (in particular, [H Thm 1.1]) concerning 
linear monads on P", i.e. when A = B = Opr, and C = Oprr{l). 

Furthermore, if A, B and C are elements of distinct blocks of an n-block 
collection generating the bounded derived category D^{X) of coherent sheaves 
of Ojsf-modules, then we also prove that the cohomology sheaf £ of is decom¬ 
posable, if and only if the corresponding quiver representation is decomposable, 
cf. Theorem 15.51 

Notation. Throughout this paper, k denotes an algebraically closed field with 
characteristic zero, and X is always a nonsingular projective variety over k of 
dimension n. 


Acknowledgements. The first named author is partially supported by the 
CNPq grant number 400356/2015-5 and the FAPESP grant number 2014/14743- 
8. The second named author was supported by the FAPESP doctoral grant num¬ 
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Roig for describing to us the monads considered in Section 5.3 


2 Preliminary definitions and results 

In this section we revise some key definitions and results on the theory of repre¬ 
sentations of quivers and on the derived category of coherent sheaves that will 
be relevant in the following sections. 
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2.1 Representations of qnivers 

We begin by revising some basic facts about representations of quivers. Recall 
that a quiver Q consists on a pair (Qqj Qi) of sets where Qq is the set of vertices 
and Qi is the set of arrows and a pair of maps t,h : Qi ^ Qo the tail and head 
maps. An example is the Kronecker quiver, denoted ATu,, which consists of 2 
vertices and w arrows. 


1 

• : • (3) 

-^ 

W 

A representation R = {{Vi},{Aa}) of Q consists of a collection of finite 
dimensional k- vector spaces {Vi;i € Qo} together with a collection of linear 
maps {Aa : Vt^a) Vh(a)', a G Qi}- A morphism f between two representations 
Ri = ({!*}) {^a}) and i ?2 = ({lfi}){^o}) is a collection of linear maps {ft} 
such that for each a G Qi the diagram bellow is commutative 

^t{a) ^ ^h{a) 

ft(a) fh(a) 

Y Y 

With these definitions, representations of Q form an abelian category hereby 
denoted by Dl(Q). 

Given a representation R G ^(Q), we associate a vector v € called 
dimension veetor, whose entries are = diml^. 

The Euler form on is a bilinear form associated to Q, given by 

< V,W >= ^ ViWi - ^ Vt(a)W,l(o). 
iGQo dGQi 

The Tits form is the corresponding quadratic form, given by 

g(v) =< v,v > . 

For instance, the Tits form of the Kronecker quiver with w arrows is given by 

9 ju(v) = — wab, V = (a, b) G Z^. (4) 

Definition 2.1. A vector v G is a root if there is an indecomposable 

representation R of Q with dimension vector v. Moreover, v is a Schur root if 
there is a representation R ofQ with dimension vector v satisfying Hom(i?, R) = 

K. 


Clearly, every Schur root is a root; note also that the condition Hom(i?, R) = 
K is an open condition in the affine space 

0a6QiHom(K''‘<“) , ) 
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of all representations with fixed dimension vector v. Thus if v is a Schur root, 
then Hom(i?, R) = k for a generic representation with dimension vector v. In 
particular, if v is a Schur root, then generic representation with dimension vector 
V is indecomposable. A reference for generic representations and Schur roots is 
[S]. For more information about roots and root systems, we refer to [ 3 . 

The following two facts will be very relevant in what follows. The first one 
follows from Kac’s theory of infinite root systems [S]. 

Proposition 2.2. Let Q be a quiver with Tits form q. If v is a dimension 
vector satisfying qfv) > 1, then every representation with dimension vector v is 
decomposable. 

The second fact follows from 0 Prop 1.6] and [3 Thm 4.1]. 

Proposition 2.3. Let Q be the Kronecker quiver with w > 3, and let v ^ 1? 
be a dimension vector. If q^ify) < 1, then v is a Schur root. 

2.2 Derived categories 

In [7], Miro-Roig and Soares gave a cohomological characterisation of Steiner 
bundles and later Marques and Soares [5] , gave a cohomological characterisation 
of a class of bundles given as cohomology of monads. Both results will be 
relevant for us, so we review them here. 

Let D^{X) be the bounded derived category of the abelian category of coher¬ 
ent sheaves of Ox-modules. An exceptional collection is an ordered collection 
(J^O) • • ■ ) J^m) of objects of D^{X) such that 

~ K, Ext^(J^i, = 0, for all p > 1, 

Riy±^{Fi,Fj) = 0 for all i > j, and p> 0. 

In addition, if 

=0 for i < j and p 7 ^ 0 , 

then (Jj],..., J-rri) is called a strongly exceptional collection. It is a full (strongly) 
exceptional collection if it generates D^{X). 

An exceptional collection is called a block if 

=0 V p > 0 and i 7 ^ j. 

An m-block collection of type (to, ■ • •, ^m) is an exceptional collection B = 
{Xq, ..., Xm) where each Xi = (X ),..., Xf) is a block. 

Definition 2.4. Let B = (Xq, ... ,Xm) be an m-block collection of type 
(tQ,...,tm). The left dual m-block collection 0 /B is the m-block collection 
of type (uo,..., Um) with Ui = Um-i 

Vtd _ (nj nj \ _ /'o/O -t/O 07^ \ 

1 ,^ 0 ? • ■ • H ^m) ' 5 ■ 5 5 • • • 5 ^Um.) 

where 

Hom^.(^)(H},J -')=0 
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for all indices, with the only exception 

Exf (H*, J-™-*) ~ K. 

These conditions uniquely determine '^B. 

We are now able to define Steiner bundles in the sense of [7] and state their 
cohomological characterisation. 

Definition 2.5. A vector bundle S on X is a Steiner bundle of type {iFo,Xi) 
if it is given by a short exact sequence of the form 

0 -^ XS X’l -^ 5-^ 0 

such that a,b>l and is an ordered pair of vector bundles on X satis¬ 

fying 

(i) is strongly exceptional; 

(ii) J-f 0 T\ is globally generated. 

The cohomological characterisation is the following, cf. [71 Thm 2.4], 

Theorem 2.6. Let X be a smooth projective variety of dimension n with an 
n-block collection B = (^Oj • • • 7 -^n); = (-^ij ■ • ■ ) of locally free sheaves 

which generate D^{X), and let '^B be its left dual basis. Let G and 
G Xj, where 0 < i < j < n and 1 < io < Ui, ^ < jo < Oj, and let S be a 
locally free sheaf on X. Then S is a Steiner bundle of type given by 

the short exact sequence 

0 -- {FIX -- {Xlf -- 5 -- 0 

if and only if (Xl^Y is globally generated and all {TT^ ,S) vanish, with 

the only exceptions of 

dimExt"“*“^('H^“*,5) = a and dimExt"“-^(’H"~'^,5) = 6 . (5) 

Now we turn our attention to the cohomological characterisation for the 
bundles obtained as cohomology of monads, due to Marques and Soares in |5]. 

Definition 2.7. A monad M* on a .smooth projective variety X is a complex 
of locally free coherent sheaves on X 

M* : 

such that a is injective, fj is surjective; the coherent sheaf £ = ker/3/ima is 
called the cohomology of M*. 

The following two definitions are important for the main result we would 
like to present. 


6 












Definition 2.8. Let B = (jFq,--- = {Tl,--- m-block 

collection. A coherent sheaf £ on X has natural cohomology with respect to 
B if for each 0 < p < m and 1 < j < tp there is at most one q > 0 such that 
Ext«(Jj,£’) 7 ^ 0 . 

Definition 2.9. Let X be a smooth projective variety with an m-block collection 
B = (.^ 0 ) • • • — [Xl, ■ • • of coherent sheaves on X. A Beilinson 

monad for £ is a bounded complex G* in D^{X) whose terms are finite direct 
sums of elements of^ and whose cohomology is £, that is, 

0 £r*(G*) = 7J°(G*) = £:. 

The next result tell us when a coherent sheaf £ on X is isomorphic to a 
Beilinson monad G*, see H Cor 1.7], 

Lemma 2.10. Let X be a smooth projective variety of dimension n with an n- 
block collection B = {Xq, ■ ■ ■ ,Xn) generating D^{X). Let '^B = ('Hq) ’ ’ ’ ,'H-n) 
with Hi — {HI, ■ ■ ■ be its left dual n-hlock collection. Then each coherent 

sheaf £ on X is isomorphic to a Beilinson monad G* with each G’' given by 

G" = 0 Ext"-«+’'(H;-«, £) 0 J-pT 

p,q 

The cohomological characterisation for monads is the following, cf. [51 Thm 

2 . 2 ], 

Theorem 2.11. Let X be a nonsingular projective variety of dimension n, 
and let B = {Xq, ■ ■ ■ ,Xn), where Xi = {XI, ■ ■ ■ jXf), be an n-block collection 
of coherent sheaves on X generating D^{X). Let '^B be its left dual n-block 
collection, and let Xl^, X^^^, and X^^ be elements of the blocks Xi,Xj and Xk, 
respectively, with 0<i<j<k<n. 

A torsion-free sheaf £ on X is the cohomology sheaf of a monad of the form 

M- : -- (X^J^ -- {X^J^ (6) 

for some b>l and a, c > 0 if and only if £ has: 

(1) rank b ■ rk(JjJ - a ■ rk(J 2 j - c • rk(J'^J; 

(2) Chern polynomial Ct{£) = 

(3) natural cohomology with respect to'^'B. 

Remark 2.12. The original statement of [51 Thm 2.2] requires a,b,c > 1. 
However, following the same steps of the proof of [51 Thm 2.2], one can prove that 
the result also holds for a, c > 0 ; in other words, one can allow for degenerate 
monads. 

This result will be very useful in the last section of this paper, in which we 
study the decomposability of sheaves given by the cohomology of monads of the 
above form. 
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3 Cokernel and Steiner bundles 


In this section we explain the relation between cokernel and Steiner bundles and 
representations of the Kronecker quiver. 

3.1 Cokernel bundles 

Let £ and be vector bundles on a nonsingular projective variety X of dimen¬ 
sion n>2, satisfying the following conditions: 

(1) £ and X are simple, that is, Hom(5,5) = Hom(J^, = k; 

(2) Hom(J-,£:) = 0; 

(3) Ext^(J',£) = 0; 

(4) the sheaf £'^ (S> X is globally generated; 

(5) W = Hom(£, has dimension w > 3. 

The next definition is due to Brambilla [T]. 

Definition 3.1. A cokernel bundle of type {£,X) on P” is a vector bundle C 
with resolution of the form 

0--^0 (7) 

where £^J- satisfy the conditions (1) through (5) above, a > 0 and b ■ rk(J^) — 
a ■ rk(£’) > n. 

Cokernel bundles of type {£,X) form a full subcategory of the category of 
coherent sheaves on X-, this category will be denoted by 

Let us now see how cokernel bundles are related to quivers. Fix a basis 
cr = {cTi, • • • ,cr 

W } of Hom(£, X). 

Definition 3.2. A representation R = ({k“, k^}, {Ai}^i) of K^, is {£,X,(t)- 
globally injective when the map 

W 

a{P) :='^Ai (S> cri{P) ■ K°'®£p^K^®Xp 

i=l 

is injective for every P S X; here, £p and Xp denote the fibers of £ and X over 
the point P, respectively. 

{£,X, cr)-globally injective representations of form a full subcategory of 
the category of representations of itTu,; we denote it by From now on, 

since {£,X, cr) are fixed, we will just refer to globally injective representations. 
It is a simple exercise to establish the following properties of 111(741^))®*- 

Lemma 3.3. The category is closed under sub-objects, i.e. every 

subrepresentation R' of a representation R in 91(741^)®® is also in 9I(7fu,)®*. 






Lemma 3.4. The category is closed under extensions and under direct 

summands, that is, respectively: 

(i) if Ri,R 2 G and 

0 -^ Ri - R -^ R 2 -^ 0 

is a short exact sequence in , then R G 

(a) if R G 'T\{KyaY'^ with i? ~ i?i 0 R 2 , then Ri G D\{Ki„y^, i = 1,2. 

Our next result relates the category of globally injective representations of 
K.U 1 to the category of cokernel bundles. 

Theorem 3.5. For every choice of basis cr o/Hom(£i, J^), there is an equivalence 
between the category of {E,1 F,<t)- globally injective representations of 

Kyj, and €x[E,F), the category of cokernel bundles of type {£,iF). 

Proof. Given a basis cr of Horn(£",7^), we construct a functor 

^<Ex{£,iF) 

and show that it is essentially surjective and fully faithful. 

Let R = {{fp, K^}, be a globally injective representation of 

Dehne a map a 7^^ given by 


OL — Ai 0 (Ti + • • ■ + Hu, 0 CTu. 

Since R is globally injective, we have that dim coker a{P) = b ■ rk(7^) — a ■ rk(£’) 
for each P G X. Therefore a is injective as a map of sheaves, and C := coker a 
is a cokernel bundle. 

Now given two globally injective representations 

= and i ?2 = (K,«"},{i30r=i), 

and a morphism / = (/i,/ 2 ) between them, let LCT(i?i) = Ci,LCT(i? 2 ) = C 2 be 
the cokernel bundles and ai, 02 the maps associated to Ri and R2, respectively. 
We want to dehne a morphism lia-if) ■ Ci —t C 2 . 

Since we have fi : ^ k£ , f 2 : ^ k‘^, we have maps A = /i 0 If G 

Hom(£’“,£°) and /2 = A ® G Hom(J'^, Consider the diagram 


0 

0 



0 

0 


( 8 ) 


where 7ri,7r2 are the projections. Applying the left exact contravariant functor 
Hom(—,C 2 ) to the upper sequence on Q we hnd a map </> G Hom(Ci,C 2 ) and 
we dehne Lct(/) := (f- 
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Now given C an object of we take a = J27=i^i ® 

Ai G Hom(K°', K^),i = 1 , • • • ,w. Hence R = {{k°‘ , lA’} , {Ai}f^^) is a globally 
injective representation of d\{Ku,) such that La.(i?) = C. Therefore Lcr is essen¬ 
tially surjective. 

Finally, we need to prove that L^. is fully faithful. To check that it is full, 
given (j) G Hom(La.(i?i), LCT.(i? 2 )) we want / = (/i, / 2 ) G Hom(i?i, i? 2 ) such that 
Lcr(/) = 0- Let (j) = 4>'^i G Honi(J''',C 2 ). Let us apply the left exact covariant 
functor Hom(J^^, —) to the lower sequence in diagram ([^ below: 

0--^0 (9) 

I I 

A I /s' 

Y Y 

0 -^ C 2 -^ 0 

we conclude that 


P2 : Hom(J■^ J-'^) ^ Hom(J■^C2) (10) 

is an isomorphism since Hom(J^^,£'^) = Ext^(J^^,f'^) = 0. It follows that there 
is a morphism /2 G Hom(J^^, such that 

P 2 { f 2 ) = '^2/2 = <^7’'! 

with /2 = /2 <8) Ijr and /2 G Hom(K^, k‘^). 

Consider ^ = f2ai G Hom(£“, R‘^). Applying the left exact covariant functor 
Hom(£’“, —) to the lower sequence on we get 

0-^ Hom(£:“, ^ Hom(£:“, T‘^) Hom(£:“, C2)-^ • • • 

Once we have an exact sequence, 

72 (/ 2 ai) = 7^2/201 = (t)TTiai = 0 

then f20'i G ker72 = imyi, and there is a map fi G Hom(£^“,such that 
7i(/i) = 02/1 = /2 Q!i and X = /i 0 with /i G Hom(«:“, k'=). 

Since ai = Y 77 =i ® *^2 = Y 7 d=i ® 0:2/1 = /2O1, and cr is a basis 

then /2A1 = = 1, • • • ,w, thus 

/ = G HomgY(iY„)si(i?l,/?2). 

Now we need to prove that La.(/) = (}>■ Suppose Lcr(/) = 4 > such that 
07ri = 7^2 f2 = </>7ri. Then (0 — 0)7ri = 0 and Ci = imTTi C ker(0 — 0) therefore 
~^ = (j). 

Finally, we show that La. : Hom(i?i,i?2) —>■ Hom(Lo.(i?i), LCT(i?2)) is injec¬ 
tive. Let / = (/i,/2), g = (91,92) G Hom(i?i,i?2) be morphisms such that 
Lo-(/) = 01 = 02 = La ( 5 ), that is, 01 - 02 = 0 . 
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0-^ Cl-^0 (11) 


/ 

-9l 

/2 92 


' 

( i 



0-^ Ca-^ 0 


Given 4>i — 4>2 = ^ & Hom(Ci,C 2 ), doing the same construction as before, 
Otti = 0 e Hom(J■^C2) ~ Hom(J■^ J-"^) 


with isomorphism given by p 2 in (10). Since 

P2(/2 - 92) = 7^2 o (/2 - 52) = 0 

then /2 — 32 = 0 and so /a = g^- Similarly, Oai = 0 e Hom(C“, and 

7i(/i - 5i) = a2(/i - 5i) = Oai = 0. 

Since 71 injective, /i — 3 i = 0, then = 5 i- Therefore Lo- is faithful. 


□ 


Remark 3.6. Note that the functor Lo- depends on the choice of the basis cr. 
However let cr' be another basis for Hom(£’,J 7 ). Let L^.' be the equivalence 
between the category of (C, cr')-globally injective representations of and 
the cokernel bundles on P”. Then if G is the inverse functor of Lcr' we have 
that the functor G o L^' gives an equivalence between the categories (C, iF, cr)- 
and (C, cr')-globally injective representations of iC^,. 

Lemma 3.7. For any choice of basis cr, the functor L^. : —> £x(C, F) 

defined above is additive and exact. In particular, if R Ri® R 2 is a globally 
injective representation, then ha-{R) — ha-iRi) © Lct(^^ 2 )- 

Proof. Checking the additivity of Lcr is a simple exercise. We show its exactness 
in detail. 

Let us prove that L^. preserves exact sequences. Let Ri = 

{^z}r=i), R 2 = ({K“©«^^},{i3Jr=i) and i ?3 = be globally 

injective representations of and let / : i?i —)■ i ?2 and g : R 2 ^ R 3 he 
morphisms such that the sequence 


0-^ Ri —^ i?2 —^ i?3-^ 0 

is exact. We want to prove that 


0 


Cl 


0 
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is also exact, where Ci = 'L„{Ri),i = 1,2,3 and ip = Lct.(/),'0 = Lct(5 )- From 
the exact sequence of representations we get 


0 

0 

0 


• J-'’! Cl 


l£®/l 
.£02 


l ^®/2 


^ j:h2 






• C 3 

I 
I 

Y 

0 


We need to show that ip is injective and if) is surjective. 

• 'i/' is surjective: 

It follows from the fact that 7r3(ljF ® 92 ) is surjective. 

• ip is injective. 

Let us suppose ip{s) = 0, s S Ci. Then s = 7ri(u), u S and 

0 = ipTri{v) = 7r2(lLjr (g) f2){v). 

Since ker7r2 = ima 2 , there is it S £°‘^ such that 

(Ijr ® f2){v) = a2{u) 


( 12 ) 


Note that 


® gi){u) = (Ijr (g) g 2 ){a 2 ){u) = (Ijr (g 52 )( 1 j^ 0 f 2 ){v) = 0 


and since 03 is injective, (If (g) gi){u) = 0 so it = (If (g) /i)(u') with u’ S 
We have 


a2(it) = a2{t£ g /i)(ii') = {tjr g f2)ai{u'). 


From (12) we have (lj:-g/ 2 )(i') = (lj^g/ 2 )(ai(«'))• Since (ljrg/ 2 ) is injective, 
it follows that v = ai{u') therefore 


s = TTi^v) = Triai{u) = 0. 


Now suppose i? ~ i?i © i? 2 - Let us prove that Lo.(i?i © i? 2 ) — Lcr(i?i) © 
Lcr(.R 2 )- We have the short exact sequence 
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0 


Ro 

^ Ri -^ i?i 0 i ?2 -^ R 2 -^ 0 


where i/j. is the inclusion and ttb. the projection, j = 1,2. Since the sequence 
above is split, ttjj^ o — 1^2 ■ Now since L^. is an exact functor, we have 

0-^ L^iRi © R 2 ) ^ 0 (13) 

Lo" R2 ) 


Then 


L<T ('^ i ?2 ° * fl 2 ) — hiCT {'^R 2 ) ° (*^2 ) — (^^2 ) — lLCT ( fl 2 ) 


therefore the sequence (13) is split. Hence La.(i?i©i? 2 ) — Lo.(i?i)©Lcr(i? 2 )- 


□ 


As an application of the previous results, we give a new, functorial proof for 
a result due to Brambilla, cf. [U Thm 4.3]. 


Theorem 3.8. LetC be a cokernel bundle of type given by the resolution 


0-^ Rb -^ C -^ 0 , 


(14) 


and let w = dim Hom(f, R). 

(i) If C is simple, then a'^ + — wab < 1. 


(ii) If of b^ — wab < 1, then there exists a non-empty open subset U C 
Hom(£’“, J^^) such that for every a G U the corresponding eokernel bundle 
is simple. 


Proof. To prove (i), let C be a cokernel bundle given by resolution ( [l4| and 
suppose C is simple. By Theorem 3.5 there is a globally injective representation 
R of such that C — Lo.(i?). Since Lo. is full, we have th at k = Hom(C,C) ~ 
Hom(i?, R), thus R is simple and therefore, by Proposition 2.2 q^ia, 6 ) = 0 

6 ^ — wab < 1 . 

For the second claim, note that if qw{a,b) < 1, there is a generic represen¬ 


tation R with dimension vector (a, 6 ) such that R is Schur, by Proposition 2.2 
Then there is a non-empty open subset 


U C Hom(K“,K'’) ~ Hom(£“, J-^) 


such that every R G U is simple. Since Hom(C,C) ~ Hom(i?, R) = k, it follows 
that C is simple. □ 

The previous Theorem implies that if of -\-b‘^ — wab > 1 then C is not simple. 
However, more is true, and it is not difficult to establish the following stronger 
statement. 
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Proposition 3.9. Under the same conditions as in Theorem 3.8, if — 

wab > 1, then C is decomposable. 

Under more restrictive conditions, Brambilla proved in [U Thm 6.3] that if 
C is a generic cokernel bundle such that + 6^ — wab > 1, then C ~ 
where Ck and Ck+i are Fibonacci bundles, n, to £ N (we refer to [1] for the 
definition of Fibonacci bundles). 


Proof. Let C be any cokernel bundle given by the exact sequence ( |14[ ), such 
that + b^ — wab > 1. Then there is a globally injective representation R of 
Kyj, such that C = Lcr(i?) with dim ension vector (a, b) satisfying and qw{ a, b) — 
of + h^ — wab > 1. By Lemma 2.2 R is decomposable. Then by Lemma 3.7 C 
is also decomposable. □ 

Next, recall that a vector bundle f on X is exceptional if it is simple and 
Ext^(£i, f) = 0 for p > 1. 


Proposition 3.10. Under the same conditions as in Theorem \S.^ if C is ex¬ 
ceptional, then of -\-b^ — wab = 1. 

Proof. Since the functor L^. is exact, we have an isomorphism 
Ext^(i?,i?) ~ Ext^(L^(i?),L^(i?)). 

Now we know from [S] that 

qw{a,b) = dimHom(i?, i?) — dimExt^(i?, i?) (15) 

hence if C is an exceptional cokernel bundle, then qw{a, b) = of -\- b^ — wab = 

1 . □ 


However, the converse of the Proposition |3.10| is not true. For instance, 
consider the generic cokernel bundle given by the exact sequence 


0 


■ Ops 


Ops (4) 


35 


■C 


0 . 


We have 935 ( 1 , 35 ) = 1, but from the long exact sequence of cohomologies, 
Ext^(C,C) ~ hence C is not exceptional. In order to establish the converse 
statement, we need stronger assumption, provided by Steiner bundles. 


3.2 Steiner bundles 

Note that the Steiner bundles of type {£, P) satisfying dimHom(£’, P) > 3, are a 
particular case of cokernel bundles, therefore all results in the previous section 
also hold for such Steiner bundles. Furthermore, the additional hypotheses 
satisfied by the sheaves £ and P allow to establish the converse of Lemma |3.7| 


and Proposition 3.10 


Let us first consider the converse of Lemma 3.7 more precisely, we prove the 
following statement. 
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Theorem 3.11. Let X be a nonsingular projective variety of dimension n, and 
let B = be an n-block collection generating D^{X). A Steiner 

bundle of type such that w = dimHoin(J^*^, > 3 «s decomposable 

if and only if, for any choice of basis 7 for Hom(J^*^, the corresponding 

-globally injective representation of K,,, is also decomposable. 

The theorem follows easily from Lemma |3.7| and the following claim. Let 
&Ti jri denote the category of Steiner bundles of type over X. 

Proposition 3.12. The category &jri jri (^) is closed under direct summands. 

■^•0 ’"^30 

Proof. Let = {'Ho,-- - ,'Hn) where Hi = be the n-block 

collection which is left dual to B, and let 5 be a Steiner bundle of type 
given by the short exact sequence 

0 -- -- 5 -- 0 , 


where and are elements of blocks tFi and tFj respectively, 0 < i < j < n. 
If 5 ~ 5i 0 52, 0 ^ 5i C 5, * = 1,2, then we have that 

ExtP{n^,S) ~ ExtP(H^,5i) 0 {n^,S2). 

It follows that Ext^('H™, 5i), I = 1,2, vanish except for 


Exr-*-i(H”-*,50 = ai, ai> 0,1 = 1,2 


and 


Ext"-^(H;-^5i) = bi,bi>0,l = l,2 


with oi 002 = a and 61 0&2 = b. Then from the cohomological characterisation. 
Theorem 2.11[ one of the following possibilities must hold. 

1. For 0 ; ^ 0 and bi ^ 0, I = 1,2, the bundles Si are Steiner bundles given 
by 

0 —- ^ ^ 0 ■ 

2. For oi, 5i, 62 ^ 0 and 02 = 0, we have 

0 --- (-^ 0 )'^ -- -0 and ^2 


3. For oi = 0 and &i, 02 , &2 0, we have 

5i cs and 0-- -- ^2 -- 0 . 


□ 
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To complete this section, we consider the converse of Proposition 3.10 


Proposition 3.13. Let S be a Steiner bundle of type such that 

w := dimHom(£, > 3, 
given by the short exact sequence: 

0-^ ^ S -^ 0 . 

(i) If S is exceptional then + b^ — wab = 1. 

{ii) Ifaf+b'^—wab = 1 then there is a non-empty open subset U C Hom(£i“, 
such that for every a G U the corresponding bundle S is exceptional. 


( 16 ) 


Proof. The first claim is just Proposition (3.10). For the second statement, we 
first show that if Si,S 2 are Steiner bundles of type then Ext^(5i, 52 ) = 0 

for p >2. 

Indeed, suppose Si, i = 1,2, are given by short exact sequences 


0 


■£° 


■ J"" 


■ 5 ,: 


0 


(17) 


Applying the functor Hom(—,J^) to the sequence 0 for i = 1, we have 
Ext^(iSi, J") = 0, p > 2. Applying Hom(—,£) to the same sequence, we ob¬ 
tain Ext'^(tSi, £) = 0,q > 0. Finally applying the functor Hom(5i,—) to the 
sequence (17), i = 2, we conclude that Ext'^(5i,52) = 0 for j > 2. 

Now to prove the seco nd cl aim, start by supposing that qyj{a,b) = of -\- 
b^ — wab = 1. By Theorem 3.8 item (ii) there exists a non-empty open subset 


U C Hom(£“, J'^’) such that for every a gU the associated bundle S is simple. 
From (15) we see that Ext^(5,iS) = 0. Finally, from the considerations above, 
we have Ext^(5,iS) = 0 for p > 2. Hence S is exceptional. □ 

Remark 3.14. Soares also proved in [TOl Thm 2.2.7], using a different method, 
that a generic Steiner bundle of type {£,IF) given by the short exact sequence 
(16) is exceptional if and only if -I- — wab = 1. 


4 Syzygy bundles and quivers 

In this section we relate a different class of vector bundles, the syzygy bundles, 
with representations of quivers. A locally free sheaf Q given by the short exact 
sequence 

0--^Op^(-di)“i 0---©Op.(-d„,)“™ -^0 (18) 

is called a syzygy bundle. Here, a = {ai,a 2 ,... ,am) is a surjective map of 
sheaves on P” given by 

m 

a(/l,/2,---,/m) = '^Olifi 

2 = 1 
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where fi,..., fm are homogeneous polynomials of degree di,. . . ,dm in 
h[Xq, ... ,Xn\ and di are distinct positive integers. Let us assume 0 < dm < 
■ ■ ■ < di. 

Note that for m = 1, the dual bundle Q* is a cokernel bundle. However, the 
same is not true for to > 1 , since the bundle X = Opr^ 0 ■ ■ ■ 0 Opn {dmY"' 

is not simple. 

To relate syzygy bundles with representations of quivers, we restrict our¬ 
selves, for the sake of simplicity, to the case to = 2. The results for the general 
case are the same, but the notation becomes more complicated. Thus we set 
TO = 2, and consider exact sequences of the form 

0 —^ g —^ Op^ i-diY ® Op^ {-d^Y ^ 0 (i9) 


with di > ^ 2 - We denote by Gyz{di,d 2 ) the category of syzygy bundles given 
by short exact sequences as in (191 above. 

Fix, for * = 1,2, a basis cri = {fl, ■ ■ ■ ^ fwY of (di)), where Wi = 




Consider the quiver below, which will be denoted by 


( 20 ) 


If (a, b, c) is a dimension vector of this quiver, its Tits form is given by 

c) = 0 6 ^ 0 — wiab — W 2 bc. ( 21 ) 

Let R = ({k“, k°}, be a representation of where 

each Ai is a c X a matrix, and each Bj is a, c x b matrix with entries in k. We 
define 

Wi W2 

ai = ^ Ai 0 // and 02 = ^ Bj 0 ff, 

i=i j=i 

so that we have a map 


(ai,a2) :C:^p-.(-di)“0Op^(-d2)'’^O^„. (22) 

Definition 4.1. A representation R of is (cti, (T 2 )-globally surjective if 

the map ( 01 , 02 ) is surjective. 

Denote by 91 (Au,i,uj 2)®^ the category of (cri, (T 2 )-globally surjective represen¬ 
tations of Au,j_u, 2 - We will now build a functor Ga-i,cr 2 between the 9 l(Awi,w2)^^ 
and the category of syzygy bundles &yz{di,d 2 ). 

First, let R = ({«“, k'^}, {Ai}fl^,{B3}7=i) he a globally surjective repre¬ 
sentation of We define the sheaf 

G(ri,a-2iR) ■= ker(oi, 02 ), 
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where (01,0:2) is the map defined above in (22). Note that, since R is globally 
surjective, Gct.i,ct 2(^) is a vector bundle, and it is given by the exact sequence 

Now let {gi-,g 2 , h} be a morphism between the globally surjective represen¬ 


tations 


R = ({ac“, {B.irJi) and 


The following diagram commutes for i = 1,..., ici and j = 1, 

91 


,W2. 







(23) 


92 

It induces the following diagram: 

0 —^ g Op. (-di)“ 0 Op. (-dz) 

M 

Y . ^ 

0 — 

where 


Oi 


I 

I tp M 

Y . 

Q' Op.(-di)“' © Op. (-da)''' 0|'„ 


(24) 


_ I di ^ ^Op.(—rfi) 0 

0 52 ® loF.(-d2) 


The commutativity of (23) implies the commutativity of the right square in (24). 


We then have an induced morphism cj) : Q = Gct-i,ct 2(-R) G' = GCTi.crs)^^; 
which we define to be GCTi,cr2 (di; 52,/*■)• 

Lemma 4.2. The functor Gcti,<t 2 *5 faithful and essentially surjective. 

Proof. We prove that Hom(i?, i?') —>• Hom(G(i?), G(i?')) is injective. Let 
{51,52, h} be a morphism between R and i?' such that G({5i, 52, h}) = 0, that 
is, (j) = 0. Since the diagram (24) commutes if ^ = 0 then gi = g 2 = h = 0, 
hence G is faithful. 


OS 


Let 0 be a syzygy bundle with resolution 

0— ^g —^Op.(-di)“©Op.(-d2)''^^ 
Then the maps ai and 0:2 are given by 

Wi W2 

ai = fl and 02 = ^ Bj 0 /| 

j=i 
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with Ai G Hom(A:“, fc'^) and Bj G Hom(fc^, Therefore 


is a globally surjective representation of (20) such that G{R) = Q. 


□ 


Remark 4.3. Note that G„ 


is not full, since not every 


M G Horn (Op„ (-di)“ 0 Op. (-d 2 )^ Op. (-di)“ © Op. ) 


is necessarily diagonal. Hence, the categories and &yz{di,d 2 ) are 

not, in general, equivalent. 

This completes the proof of the first part of Theorem |1.2[ To establish its 
second part, we first need the following two lemmas. 

Lemma 4.4. The category of globally surjective representations of the guiver 
Awi,w 2 ‘i’S closed under quotients, and hence closed under direct summands. 

Proof. Let 

be a (<Ti, cr 2 )-globally surjective representation of Aw:,^,w 2 and 

be a subrepresentation of i?. We want to prove that the quotient representation 
P/B' = 

where Ci and Bj are the maps induced by Ai and Bj respectively, is also globally 
surjective. We have the diagram 


0 0 
Aj V B[ V 


: ^ 

c 

A', 

bL 



h 



, ^ Bi 

: ^ 

c 

A„, 

Bj2 


.-b' 


Cl I Di I 
^ K^K^' 


: k7«:' 




D„ 
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where li are the inclusions and pi the projections i = 1,2,3. Now consider the 
commutative diagram 


Op"(-dir0Op-(-d2)' 


(ai ,a 2 ) 


/nc 


M 




0 Op„(-d 2 ) 


where 


^ Pi 0 10j.n( —di) 0 

0 P2 0 lo,„(-d2) 


and 71 = EZi Ci 0 fl, 72 = Ejh Dj ® /|. 

Since pi is surjective and (oi, a 2 ) is surjective for every P G P”, we have that 
the map ( 71 , 72 ) is also surjective for every point P G P”, hence the quotient 
representation P/P' is globally surjective. □ 

Lemma 4.5. Let P be a decomposable globally surjective representation of 
^wi,w 2 - Then Gcri,CT 2 (.R) o.lso decomposable. 

Proof. Let i? ~ iii 0 i ?2 be a decomposable globally surjective representation. 
From Lemma 4.4 we have that Pi and P 2 are globally surjective. Let Qi = 
Gcti,(T 2 (-Ri)) * = 1 , 2 be given by the short exact sequence 


0 


G^ 


■Op™(-di)“-0Op™(-d2)' 


O''' 

^ja>n 


0 


where ai = {a\,a 2 ), i = 1,2. Since 


g = G, 


j (i?) = ker(ai 0 02) — kerai0kera2 = 


= Go 


, {Pl) 0 Gcri,CT 2 (^ 2 ), 


it follows that Q is decomposable. 


□ 


We are finally in position to complete the proof of Theorem |1.2| Indeed, 
fix bases ctj for (dj)), j = 1,2. For every syzygy bundle G given by a 

short exact sequence of the form (19), one can find a (cri, cr 2 )-globally surjective 
representation P of 24 u,j_uj 2 with dimension vector {a,b,c) with Gc^.a-^i.^) = G. 
If (a, c) > 1, then P is decomposable, by Lemma 2.2 and it must 

decompose as a sum of (cri, (T 2 )-globally surjective representations by Lemma 
|4.4| Therefore Lemma [T^ implies that G is also decomposable. 


Remark 4.6. All the results can be generalized for syzygy bundles with m > 
2. To build the associated quiver, we add a vertex to the quiver with Wi = 
dim7J°(C>p.i(di)) arrows from this vertex to the vertex associated to O®//, for 
each term C>pn(— 
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5 Monads and representations of quivers 

Recall that a monad M* on a projective variety X is a complex of locally free 
sheaves 


M* : (25) 

where a is injective and /3 is surjective. The coherent sheaf £ := ker/3/im a is 
called the cohomology of note that £ is locally free if and only if the map 
ap on the hbers is injective for every point P G X. 

Now let m = dimHom(^,and n = dimHom(;B,C). We also assume that 
A,B,C are simple vector bundles, and that the cohomology sheaf £ is locally 
free. We will denote the category of such monads by regarding it as a 

full subcategory of the category of complexes of coherent sheaves on X. 

Next, consider the quiver Km,n given by the graph 

1 1 

- 

• • • • • 

m n 


The category of representations of RTm.n is denoted by D\{Km,n)- Note that its 
Tits form is given by 

qm,n{a, b, c) = — mab — nbc. (26) 


5.1 Proof of Theorem 11.31 

We begin by describing a functor from ^(Ra,b,C to ‘A{Km,n) in a manner similar 
to what was done in the previous sections. Choose bases 7 = { 71 , • • • , 7 m} of 
Hom(^,S) and cr = {cti, • • • , cr„} of Hom(S,C). We can write 


m n 

a = ^ Ai 0 7 i and /3 = ^ Bj 0 aj 

i=i j=i 


where each Ai is a b x a matrix with entries in k, and each Bj is a, c x b matrix 
with entries in k. 

Now let 




: ^A,B,C —>■ ^[Km,n) 


(27) 


be the functor that to each monad M* as in (25) with maps a and /3, associates 
the representation R= ({k“, k°}, {iJj}^;^). Let if, — if,g,h) be a 

morphism between the monads M* and M* below 


4ai 

9 

Y 

Bb2 - 

^2 


/ 

Y 


Q2 
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Y 

CC2 


















Since A, B and C are simple, it follows that 

{f,9,h) = (A(g) 1^,5 (g) l0,C(g) Ic) 

where A,B and C are, respectively, 02 x oi, 62 x ^1 and C 2 x ci matrices with 
entries in k. If 

and = (K^ 

we then have 


Bl_ 

; 1^1 ; ^ci 




B 

C 

. . 

, bI 


f^<^2 \ 1^2 ; ^ C2 


— ^^ 


(28) 


BA\ = A^A and CB^ = B^B for i = 1, • • • , m and j = 1, • • • , n. 

Hence the matrices A^B and C define a morphism between the representations. 
From the construction of the functor we see that 


■■ Hom(Mi*,M2) ^ Hom(G..^,^(Mi*), G.y,^(M2 )) 


is an isomorphism, thus we have the following result, which corresponds to the 


first part of Theorem 1.3 


Proposition 5.1. The category DJIa,b,C is equivalent to a full subcategory of 


Let us further characterise the subcategory of d\{Km,n) obtained in this way. 
The monad conditions imply that a{P) is injective and /3(P) is surjective for 
every P € X. Therefore we say that a representation 


R = i{A,A,KA,{A^r=i,{B,}U) 

is ( 7 , (T)-globally injective and surjective if a{P) — Ai g 7 i(P) is injective 
and (3{P) = Bj g <^j{P) is surjective, for every P £ X. In addition, the 
matrices Ai and Bj must satisfy quadratic equations imposed by the condition 
Pa = 0 : 

(BiAj + BjAi)(aijj) = 0 ; 

note that the precise relation depends on the choice of bases 7 and cr. We denote 
by the full subcategory of Dl{Km,n) consisting of the objects satisfying the 
conditions above. 

In order to prove the second part of Theorem |1.3[ our first goal is to prove 
that is closed under direct summands. 
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Lemma 5.2. The category is closed under direct summands. 


Proof. It is a general fact that if S' is a subrepresentation of a quiver repre¬ 
sentation R which satisfies the given relations, then S also satisfies the same 
relations. 

Moreover, every subrepresentation of a 7-globally injective representation 
will also be 7-globally injective (cf. Lemma 3.3 above), while any quotient 


representation of a cr-globally surjective representation will also be cr-globally 
surjective (cf. Lemma 4.4 above). □ 


Next, the previous lemma allows us to relate the decomposability of the 
monad with the decomposability of the associated quiver representation. 


Proposition 5.3. A monad M* is decomposable if and only if the associated 
quiver representation G^,cr{M*) is decomposable. In addition, if G-y^„(M*) is 
decomposable, then the cohomology of M* is a decomposable vector bundle. 

Proof. We begin by showing that the functor G.y^a- ■ ^a,b,c —t preserves 

direct sums, that is, G-^^a-iM* © M*) — © G-f^a-iM*). In particular, 

if M* is decomposable then R — G-^.ct(M*) is decomposable. 

Indeed, consider a monad M* = M* 0 M* given by 


^ 01+02 ^ J^bi+b2 


_ (^Ci+C2 


where a = oi © 02 and (3 = Pi (B P 2 with Ui S and Pi G 

Hoin(B^’ i = 1,2. We write ai,Pi as 

m 71 

Ui = A\ ® and Pi = '^ Bj i = 1,2. 

1=1 j=i 

Then G-^^a.(M* 0 M*) is the representation 


Al<SA^ 

^ai©a2 : i^bi(Bb2 ; ^ci©C2 


and it is clear that 


G.,,UM-i 0 M*) = 0 A?}-„ {Bj 0 

K'}™ 1, {si}”=i) © {AnT=i, {sf }”=i) 


= G.,,^((Mi*)0G.,,^((M*). 

For the converse, suppose R = G.y,cr(TI*) ~ i?i 0 R 2 . By Lemmawe 
know that there are monads M*, for f = 1,2, such that Ri = G-f,cr{M*). It 
follows that 


G.^,^(M*) ~ G.^,^(m;) 0 G.^,^(M*) ~ G.^,^(Mi* 0 M*) 
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hence M* is decomposable. 

The second claim follows easily from the observation that if a monad is 
decomposable, then so is its cohomology sheaf. □ 


The completion of the proof of Theorem |1.3| is at hand: if M* is a monad of 
the form (25) with {a,b,c) satisfying qm,n (a, b, c) = + b'^ + — mab — nbc > 

1, then the associated quiver representation is decomposable, by Proposition 
|2.2| This means that M* itself, and hence its cohomology sheaf, must also be 
decomposable, as desired. 


5.2 Decomposability of bundles vs. 
representations 


decomposability of 


The last goal of this paper will be to examine under which assumption one does 
have the converse of the second part of Proposition |5.3[ that is, if the cohomology 
of a monad is decomposable as a vector bundle, then the quiver representation 
associated to the monad is also decomposable. The difficulty here, of course. 


is to argue that if the cohomology of a monad of the form (251 decomposes, 
then its summands are also cohomologies of monads of the same form. Such 
statement can be proved under the following additional assumptions, and using 


the cohomological characterisation of monads provided by Theorem 2.11 above. 

Let B = (:Fo,--- ,lF„) be an n-block collection generating the bounded 
derived category D^{X) of coherent sheaves on X, and let its left dual n- 
block collection, as in the statement of Theorem |2.11[ Let £ be a vector bundle 
on X given by the cohomology of type §, and assume that £ is decomposable: 
£ ~ 0 £ 2 - From Theorem |2.11[ since £ has natural cohomology with respect 

to '^B we have 


dim Ext’^ 


\n-;\£) = a 
{n--\£) = b, 


dim Ext 


30 

n—fe+1 /njn—k 


{H-;\£) = c, 


and ext^(H™,f) = 0 otherwise. Hence for I = 1,2, 


dim Ext’' 


{n:;\£i) = ai, 


dimExt"-^■(H"-^£:^) = bi. 


dim Ext 


n—fc+1 / 


{Hl-\£i) = ci, 1 = 1,2, 


^ko 


where a = ai + 02 , b = bi + 62 , and c = ci + C 2 , with ai,bi,ci > 0 and 
Ext'^('H™,£’i) = 0 otherwise. 

Let us prove that DJljri jri jrk is closed under direct summands. From 

Lemma 2.10 and Theorem 2.11[ £i is isomorphic to a Beilinson monad G*, 
I = 1,2, where each G“ is given by 


G? 


= 0Exr"«+“ 


{m-\£i)®Fl 1 = 1,2. 
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Then we have 


= 0,1 = 1,2; M < -1, u > 1, 


and 


P.Q 

G° = 0Exr-^(H^-^£:O 0 = Ext"-^(H;-^£0 

P,Q 

G] = 0Exr-^+i(Hr^fO {T^r 

P,(l 

for I = 1,2. Erom the definition of Beilinson monad, Definition |2.9[ £i is 
isomorphic to the monad 


(-^0)“' -- ( 29 ) 

with I = 1,2 and ai,bi,ci > 0. We have the following cases: 

1. If ai,bi, c/ 7 ^ 0 for Z = 1, 2, £i and £2 are cohomology of a monad of type 

pi) 


£i=H°{Gl), £2=H°{G^,). 

2. If fli,5i,Cl, 62 ,C 2 7 ^ 0 and 02 = 0, then £i = 7J°(G*) and £2 is given by 
the short exact sequence 


0-- £2-- -- 0. 

3 . If 01,61,01,02,62 7^ 0 and C2 = 0 then £i = 7 J°(G*) and £2 is given by 
the short exact sequence 

0-- —- (-^0)'^ —- £2-- 0 . 

4 . If 01,61,01,62 7^ 0 and 02 = 02 = 0 , then £i = i/°(G*) and £2 — . 


25 













5. If 5i, Cl, 02, ^2 ^ 0 and oi = C2 = 0 then 


0 —- fi —- —- 0 

and 


0 






£2 


0. 


And the symmetric cases to cases 2, 3,4 and 5. 

We have just proved that: 

Lemma 5.4. The category ^jri -d d is closed under direct summands. 


W’ 

*0 ’ JO ^0 


Suppose m = dim Horn (and n = dimHom(J^^^, and choose 
7 and <T bases of Hom( ) and Hom(J^^ , ), respectively. Let be 


the functor between VJljri jri jrk and & described after equation \21\. Note 


that given a monad of type (291 with at = 0 the associated representation is 


which is (7, crj-globally injective and surjective. If c/ 
sentation is 


k’’‘ 


0, the associated repre- 


that is (7, crj-globally injective and surjective. If at = ci = 0, the associated 
representation is 

0' 0 

0 : 0 

-^ 

0 0 

which is also (7, cr)-globally injective and surjective. Hence we can prove the 
following. 

Theorem 5.5. Let £ be a vector bundle on X given by the cohomology of a 
monad in jri jrk and R the associated (•y,cr)-globally injective and sur- 

jective representation in Then £ is decomposable if and only if R is 

decomposable. 


Proof. We only need to prove the sufficient condition. If £ ~ © £2 then from 

therefore 


Lemma 
i? = G 


5.4 


'y,cr 


£i, i = 1,2, are cohomologies of monads in DJljr. 

"CT) — G-|,_ct(£i © £ 2 ) — G-|,_cr(£l) © G-|,^cr(£2) = Rl 0 J^2 ■ 


JO ^0 


□ 
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5.3 An example: generalized Horrocks—Mumford monads 

As an application of Theorem |5.5| let X = with p > 2, k = C, and consider 
the 2p-block collection 

B = {nX{2p),nlp;\2p-i),--- 

generating the bounded derived category £)^(P^p). The complex 

Op2p(-l)2p+i oX^ (30) 

is a monad, for a = (aij) G APC^^~'~^ 0 Mat 2 x 2 p+i(C) and /3 = (/3ij) G 
Mat 2 p+ix 2 (C) given by 

l^il — A X2-\-i A * * * A Xp-\-i^ 

Pi2 — A Xpjf-iJf-i A Xp-\-2-\-i A * * * A X2p—l-\-i 


where i = A:(mod 2p + 1) and the matrix a is given by 

a = (/3Q)* 


with 


Q = 


0 

(-i)P-i 


Note that when p = 2, the monad ( |30[ ) is precisely the one that yields, as 
its cohomology, the Horrocks-Mumford rank 2 bundle on P"*^. For this reason. 


monads of the form (30) are called generalized Horrocks-Mumford monads. The 
goal of this section is to prove, as an application of Theorem |5.5[ that the 


cohomology of a monad of type (|30|) is an indecomposable vector bundle of rank 
2 ((2P) - 2p - l) on P2P. 


To this end, note that one can fix a basis of the vector space 
that the quiver representation associated to the morphism 


so 


/3eHom(F!P (p)2,0X') 


is a representation of the Kronecker quiver K^ 2 p+i^ of the form 

(2p + l\ 

r = {X,c^pX,{MU ’) 

where 4p + 2 elements fg are elementary matrices of size (2p + 1) x 2 for some 
I and null matrices otherwise. The crucial step is the following result. 

Lemma 5.6. The representation R is simple. 

In particular, it follows from Theorem |3 . 5| that the kernel bundle ker /3, whose 
dual is a Steiner bundle, is also simple. 
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Proof. Suppose without loss of generality that the ordered basis is the following 

{^01 ■■■p— 1; ^12---p; ^23---p+l; ' ' ' j ^2p0---p—2; ' ' ' } 

where A Xi^ A ■■■ A Xi^. Then (3 can be written as 

/3 = 2;oi---p-i • ^'2p,i + 2 ;i2---p ■ E 2 p+ix + 2^23...p+i • + • • • 

where Eij S Mat( 2 p+i)x 2 (C) is an elementary matrix. The associated quiver 

pp + 2\ 

representation is of the form R = ({C^, ) where (j)i = ^' 2 p.i, 

4>2 = E2p+ix,P3 = Ei^i and so on. 

pp+i'j 

Let i?i = ({Vi, V 2 }, {'0}i=r 0 be a subrepresentation of R and without loss 
of generality suppose Vi 0. Then there is u = (a, &) e Vi C C^, with a ^ 0 . 
The following diagram commutes 


01 ^ 

^2 p c2p+l 


^2 


■01 

Vl ■ ^ V2 


(31) 


and note that the vectors are linearly independent, hence V 2 — 

pp + l'i 

^ 2 p+i^ If i ?2 = {{Wi,W 2 },{ai}i^i ) is a subrepresentation of R such that 

R ~ i?i 0 i? 2 , then IT 2 = 0 and if ITi 0 there is k such that (fk 0 and 
(t>k Iwi9^ 0. Therefore R is simple, hence indecomposable. □ 


Since a = {PQY, the representation of the Kronecker quiver K^ 2 p+i'^ associ- 


ated to a is of the form R = C^}, ), where are elementary 

matrices or null matrices (the transpose of (fi up to sign). Hence R' is also sim¬ 
ple. By Theorem 5.5 the cohomology of the monad ( |30[ ) is an indecomposable 
vector bundle on P^. 
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